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Summary:
Mechanisms leading to gene variations are responsible for the diversity of species, and are important components of the theory of evolution. One constraint on gene evolution is that of protein foldability; the three-dimensional shapes of proteins must be thermodynamically stable. We explore the impact of this constraint and calculate properties of foldable sequences using 3660 structures from the protein databank. We seek a selection function that receives sequences as input, and outputs survival probability based on sequence fitness to structure. We compute the number of sequences that match a particular protein structure with energy lower than the native sequence, the density of the number of sequences, the entropy, and the "selection" temperature. The mechanism of structure selection for sequences longer than two hundred amino acids is approximately universal. For shorter sequences, it is not. We speculate on concrete evolutionary mechanisms that show this behavior.
I. Introduction
An intriguing question in evolution is that of the mechanism of sequence selection; what is the means that selects the sequences we see today? The space of all possible sequences for a protein of length L is enormous ( 20 L possibilities). Only a tiny fraction of this space is realized in genomes, making the selection process particularly intriguing.
To model evolutionary processes we consider a selection function denoted by G that accepts as an input a protein sequence and returns a survival probability. The decision depends on a set of variables that may include (for example) protein function, protein flexibility, protein stability, and more. Here we focus on only one variable: the stability energy, E , of sequences embedded in 3660 alternative structures. The single variable, E , is clearly important (unstable proteins could not possibly work) and study of its impact will provide a reference framework for potential studies of other variables (e.g. biological activity, flexibility, etc.). The energy of a sequence is determined by fitting it into a structure. We examine the sequence-structure matches, one structure at a time.
To determine the space of selected sequences, we examine the number of alternative sequences as a function of energy. A rough estimate suggests that the number of sequences of a protein of length L with energy lower than E is growing exponentially in L . Since typical protein lengths ( ) L are between 100 and 1000 amino acids, this number (which we denote by ( ) N E ) is enormous. While it is naïve to think that the sequence space has been explored extensively by nature, it is useful to examine known protein sequences and shapes and to infer mechanisms that may have led to the current distribution of proteins.
We assume that native sequences were selected because they were highly probable as a function of energy. Hence, the probability of sampling a native sequence n A with energy n E is a maximum as a function of energy. This assumption is tested in the present manuscript by examining the energy distribution of homologous proteins. If the distribution of the energies of homologous proteins is narrow and centered near the energy of the native proteins then the above assumption is expected to be sound.
The probability of finding a sequence between energy E and E E + ∆ is given by of the protein design problem to the ferromagnetic Ising model and demonstrated sequence optimization for four proteins and lattice models. Further analysis of sequence space was provided by a calculation of the entropy (Shakhnovich 1994 ) using an alternative protocol to the approach that we use below. A few groups had followed with further theoretical analysis of sequence space and its relation to structure. Betancourt and Thirumalai (Betancourt and Thirumalai 2002) had suggested a new measure for protein foldability, and Saven and Wolynes (Saven and Wolynes 1997) considered an alternative analysis of sequence space and protein designability that is based on counting with constraints (using Lagrange multipliers).
Significant advances were made in the understanding of general principles. However, the detailed simulations were limited to model systems or to only a few protein shapes. It is of interest to have a more global view on the currently known space of protein folds and to examine its relationship to sequence space. Providing the desired global view is the purpose of the present manuscript.
Numerical studies of sequence to structure fitness were done by Koehl and Levitt (Koehl and Levitt 2002) and by Larson et al (Larson, England et al. 2002) . A number of sequences and shapes (from the protein databank) were considered and examined; atomically detailed models were employed to generate realistic structural models.
Nevertheless, the atomically detailed models are expensive to compute, and make it difficult to efficiently sample sequence space and to compute statistical mechanic functions. In the present manuscript we use simple protein energies that can be computed rapidly. These simplified representations were used extensively in protein annotation, and identification of correct folds. While not as accurate as atomic potentials, they do capture structural fingerprints of many families, and we therefore use them here.
At the core of the statistical mechanic computation is a counting procedure. We count the number of sequences, ( ) N E , that fit into a structure as a function of energy, E . And, as discussed above, we compute from ( ) N E the functions ( ) E Ω and n T for 3660 proteins.
To summarize the major finding of this manuscript: We have introduced an efficient algorithm to count sequences that fit a given shape, and apply it to obtain estimates of the absolute number of sequences that fit 3660 representative structures of the protein databank.
The first observation is that it is easy to find sequences that are significantly more stable than the native sequence, and this is for a number of fitness measures. It means that structural stability and energy considerations are clearly insufficient to account for the current (natural) distribution of proteins. The current set of proteins is not optimized for structural stability. While we are able to account for other factors of selection by the "temperature", the origin of the selection temperature is not clear and further studies are Our goal is to compute the statistical properties of sequence space for all known folds of proteins, one structure at a time. The first objective is to determine which structures will be studied. Using our experience in protein annotation that requires similar databases (Meller and Elber 2002) , we adopted a reduced and non-redundant set of protein shapes that is used for fold recognition. This set includes 3660 structures, which represents well the known folds of the protein databank. It can be found at http://www.cs.cornell.edu/~leonidm/jm_list.txt. We removed from the original set (with 3904 structures) the longest proteins (longer than 500 amino acids) for which the convergence of the counting procedure was poor. The structures were selected according
to (yet another) structural alignment algorithm of our own design (Meller and Elber, unpublished -see below) . The complete protein databank was scanned to avoid shape redundancy, and only shapes with RMS distances of at least 6Ǻ to the rest of the structures in the set were added to the database. The comparison of any two structures was done in two steps. In the first step the structures were aligned, and in the second step the RMS distance between the two aligned structures was computed.
To compute an alignment, contact maps were used. The geometric centers of the amino acid side chains (called here (structural) sites) provide the Cartesian representation of the structure. From the Cartesian representation all the contacts between the sites are computed and stored (by definition, a pair of structural sites is in contact if it is separated by a distance smaller than 6.5Å).
In our structural alignment algorithm two layers of contacts are used providing more detailed description of structural sites. Consider a primary site i that is in contact with J sites. We record the number of contacts, m , to each of the J sites and use it as a second identifier. A contact to site i has two indices ( )
Comparing two structures, sites are examined for the identity of their contacts, and are aligned using dynamic programming. Structural sites that are not aligned against gaps are used in the second step of an RMS calculation. In the RMS calculations the aligned residues are overlapped by overall translation and rotation to minimize the distance between the two Cartesian representation of the structures (Kabsch 1978) . The prime advantage of this heuristic algorithm is of efficiency; however, other structural comparison algorithms could have been used. Indeed, the set of 3904 structures was later tested using the CE structural alignment algorithm (Shindyalov and Bourne 1998) . We obtained very similar results, indicating that our database provides a non-redundant representation of the protein databank.
II.2 The energy functions
Two energy functions are used to count sequences with energies lower than the native energy: THOM2 (Meller and Elber 2001) and TE-13 (Tobi and Elber 2000) . We determined the potential parameters by solving linear inequalities. We required that energies of native sequences embedded into native structures are lower than the energies of native sequences embedded into decoy structures. Both functions are based on the geometric centers of the side chains and were discussed and tested extensively in the past.
We briefly describe the two energy functions below.
In computing the THOM2 energy, we use the same definition of contacts as the one described in the structural comparison section above. The geometric centers are computed for the native structures and are used also for the probe sequences even if the amino acid side chain was changed. This procedure is computationally efficient and was found superior to the alternative use of C α -based potentials (Tobi and Elber, unpublished) . Potentials based on the geometric centers recognize more native folds than potentials based on C α positions (with the same number of parameters).
The energy is given in a table with 3 indices --( )
, ,
where ij E is the energy associated with the contact between amino acids in sites i and j , i α is the type of the amino acid in site i , i j the index of a contact to site i , and j m is the number of contacts to site j . The total energy in THOM2 is given by a sum over all pairs ( ) , i j . Table I provides the THOM2 energies *** PLACE TABLE I HERE *** Since THOM2 is independent of the identity of the amino acid at site j , it is possible to use THOM2 to score efficiently an optimal alignment of a sequence to a structure (with dynamic programming). This is the primary advantage of the THOM2 energy function.
The other energy function that we use (TE13) cannot be scored optimally with such techniques. However, TE13 is more accurate than THOM2 in the sense that more native folds are recognized in an extensive test (Tobi and Elber 2000 Note that in the counting described below we do not align the sequences and structures since they are of the same length, L . The two energy functions are used to test the "sensitivity" of our results to the details of the potentials.
III. The algorithm
For each protein in the set we calculate the number of sequences ( ) N E , which is exponentially large in the protein length. Therefore, it is necessary to avoid working with the full search space explicitly. The difficulties are similar to those encountered in the calculations of partition functions in computational statistical physics. In fact, ( ) dN E dE plays the role of the partition function for the microcanonical ensemble. The above observation suggests that approaches to estimate the partition function are likely to be useful here as well. An alternative algorithm for the calculation of the sequence entropy as a function of temperature was put forward by Shakhnovich (Shakhnovich 1994 ).
The algorithm we employ is closely related to umbrella sampling (Torrie and Valleau 1977) , and to randomized algorithms for approximate enumeration (Jerrum and Sinclair 1996) . The basic step is the estimation of the ratio ( ) ( ) and their corresponding amino acids exchange positions. Option (i) is more complete but may over-count sequences with low sequence diversity (e.g. homopolymers) that can be artificially stable in our models; option (ii) is more restricted (the composition of the amino acids is fixed), but it avoids the problem with sequences of low complexity (e.g. the creation of poly-cysteine as the ultimate most stable sequence). There were more studies with a fixed composition (Shakhnovich and Gutin 1993; Koehl and Levitt 2002) but studies with variable composition are also available (Saven and Wolynes 1997; Saven 2002 ). The energy of the new sequence in the fixed structure is computed according to the current model (either THOM2 or TE-13). To further explore measures of sequenceto-structure fitness we also consider the effect of reverse sequence in which the energy (in this case THOM2) is computed for the current sequence, A , and the inverse of that sequence, r A . The score energy in the last case is
The idea is to mimic a random sequence by the inverse sequence and to compute a "cheap" measure of significance. This measure was used effectively in Hidden Markov models (Karchin, Cline et al. 2003) . Finally, we also tested a random sequence (with the same amino acid composition) instead of an inverse sequence in the formula above. The results were remarkably similar to the reverse sequence and are therefore not shown in the manuscript.
If the energy is lower than E + ∆ , the sequence is used in the counting described below, otherwise the sequence is rejected and another random selection is attempted. This process is run for ( ) l E + ∆ accepted steps, where we define ( ) l E to be the number of these steps in which the sequence had energy below E . The ratio ( ) ( )
. For sufficiently small ∆ , the ratio is close to 1 and the counting converges rapidly. Multiple calculations of ratios close to 1 (called telescoping) make it possible to estimate ratios significantly different from 1. For example, ( k is a positive integer)
where each term in the product is computed by a separate Markov chain.
Using the "telescoping" procedure, we are able to compute the function ( ) N E up to an unknown normalizing constant c ; in other words, we are computing ( ) ( )
The constant c affects the calculation of the number density (and the entropy defined below) by the addition of a constant number and does not affect the temperature, since we have ( 
Estimating c (in addition to ( ) N E ) cannot be done with the telescoping procedure described above, and an alternative is required. The problem is similar to the determination of absolute free energies, which is known to be computationally harder than the determination of free energy differences.
Nevertheless, in the present case shortcuts can be found. Let ( ) N ∞ be the total (known) number of sequences. It is 20 L for option (i) of sequence sampling, and for option (ii) it
where L is the length of the sequence, α is the type of the amino acid, and ( ) l α is the number of amino acids of type α (Saven and Wolynes 1997) . Let E be the energy averaged over all possible sequences that can be computed efficiently by a direct sampling procedure as the average energy of randomly sampled sequences:
A is a random sequence). We then sample an additional set of K random sequences. Let K K ↓ be the fraction of sequences that are below E ; we therefore have ( ) ( )
. The ratio ( ) ( ) N E N E is computed by telescoping and the known value of ( ) N E is used to determine the absolute value of ( ) N E .
Finally we wanted to test the hypothesis of a sharply peaked distribution of native energies; an assumption that we used in the beginning of the discussion on the selection function. For a sharply peaked distribution we expect the energies of the homologous sequences embedded in the native structure to be narrowly distributed. To find homologous proteins each of the sequences in our list of proteins was aligned against the NR database of protein sequences (Benson, Karsch-Mizrachi et al. 2000) . Using the BLAST algorithm with an E value of 0.001 we have found about 360,000 matches. For each of the matches we computed the energy per-amino-acid of the aligned segments since the homologous sequences are not necessarily of the same length. A sample from the 360,000 data points is shown in figure 1 .a demonstrating that the energies per amino acid of the homologous proteins are indeed peaked. For comparison we also show a histogram of the variances of the energies for homolog and random sequences in figure   1 .b.
Results
The number of sequences up to the native energy, the number density, and the native temperature were computed for 3660 proteins using a Markov chain of sequences that were fitted into a single structure at a time. However, the rate at which they approach this maximal value depends on the protein shape. We have computed the function of ( ) N E , the derivative of this function ( ) E Ω was computed by Shakhnovich and Gutin (1993) . When we compute the derivative of the number of sequences the results are qualitatively similar. We note however that the simple Gaussian model of sequence entropy is missing a phase transition in sequence space that we observed frequently in our set (Meyerguz, Elber, and Kleinberg, unpublished) Despite the significant variation in the number of sequences (of the same lengths) with energy below the native sequence, we found the length of the protein to be the dominant factor in determining the sequence number as is demonstrated in figure 3 . The figure includes counting with four different protocols: (i) counting with TE13, (ii) counting with THOM2 (iii) counting with THOM2 and fixed composition of amino acids, and (iv) THOM2 counting using reverse sequences. The counting is performed for the representative set of the protein databank described above. Note that (i), (ii) and (iv) are very similar and only the counting with fixed composition shows different quantitative behavior (but similar qualitative behavior).
The results for the temperature calculations are presented as a function of the protein lengths for the different counting protocols in figure 4 . Each protein is presented as a dot.
In figure 4 we also show a histogram plot for the individual temperatures computed with TE13 for proteins longer than 200 amino acids.
The linear relationship of figure 3 is observed on a logarithmic scale, and the straight line is rather thick. The explicit calculations of the temperature, using the derivative of the entropy, show deviations from a constant value. The temperature is roughly a constant only for proteins longer than 200 amino acids and even then there is a spread around the average. This pattern repeats for the two energy functions that we considered, suggesting it to be a general phenomenon. Note that this is at variance with the results for homologous sequences (figure 1) for which the normalized protein energy is essentially a constant for all protein lengths.
It is of interest to compare the selection temperature to the physical temperature of folding (i.e. the temperature in which the protein chain melts) or (alternatively) to the stability energy of the folded state and to check if the two are correlated. We have computed the stability energy for a selected set of 235 proteins. The unfolded state was set to the zero energy using the procedure described in (Betancourt and Thirumalai 1999) and the difference from the native energy was computed. Hence, we estimate the stability energy by changing the reference state. Instead of a reference state of a random sequence, the reference state is of contacts with only water molecules. These stability energies are correlated with the folding temperature. However, when we examine the correlation of the stability energies with the selection temperatures the correlation was weak (correlation coefficient of 0.6).
Discussion
Before continuing to the main conclusion of the present study it is worth comparing the results using different counting procedures and energy functions. We first comment on the calculation of the function, ( ) N E , the number of sequences up to a given energy E .
There are two striking observations in the log plots of figure 3 . The first is the remarkable similarity in the counting results using two very different energy functions TE13 and THOM2. The TE13 is a distance dependent pairwise potential that is the most accurate function we have at our disposal. The THOM2 energy is a one body potential that we can compute and align efficiently. On the log plot of figure 3 .a both energies lead to ( ) (  ) log N E that are similar, suggesting that conclusions based on this function are likely to hold for alternative forms of energy functions.
On the other hand significant variations in ( ) (  ) log N E are observed for different counting protocols. Alternative sampling procedures were introduced in the past in an attempt to overcome the problem of "positive" and "negative" design (see below). We consider the matches of alternative sequences into a single structure (we repeat the calculations of the matches to each of the 3660 structures, one structure at a time). Our design is therefore "positive" in the sense that we check if the present sequence fits the probe structure. We do not check if alternative structures do not match the same sequence ("negative" design). Consider a poly-cysteine. This amino acid is highly hydrophobic and adds significantly to the stability of the protein (negative energy). For all compact structures and energy functions (we know), poly-cysteine is a (very) low energy sequence. However, in reality, homopolymers do not adopt a unique globular shape since all compact structures have about the same energy, making it impossible to identify a single lowest energy minimum. The positive design of sequences does not consider alternative structures that may match the probe sequence. We therefore conclude that counting all sequences introduce an artifact of over counting, since homopolymers are added to the counting incorrectly.
How significant is the extra counting of homopolymers?
In principle this problem can be addressed by testing the fitness of a new sequence to all alternative structures and not only to a single shape (Meyerguz, Kleinberg, and Elber, work in progress). However, exact enumeration in this case is considerably more computationally demanding (if at all possible), and it is desirable to have a cheaper solution.
One suggestion is to consider only sequences with the native composition of amino acids (Shakhnovich and Gutin 1993; Koehl and Levitt 2002) . This constraint does not allow for homopolymers to develop; however, it reduces significantly the space of all available sequences. Figure 3 .b shows that not only the log of the number of sequences,
( )
log N E é ù ë û , is significantly smaller (seen even on a log scale) but also the fluctuations in ( )
log N E é ù ë û are much larger. Is this change "real" in the sense that fixing the composition shifts the distribution in the correct direction?
A gentler fix to the homopolymers problem was proposed in a different context (Karchin, Cline et al. 2003 ) (see the Results section). The score energy is defined as the difference
where r A is the reverse sequence. The energy of a homopolymer is now zero regardless of the structural template. The zero energy is usually quite high, which helps eliminating the contributions of homopolymers to the counting. Moreover, there is no constraint on the amino acid composition, so we anticipate more complete statistics. The results for counting with the above energy difference (figure 3.b) are essentially identical (on a log scale) to the full counting in figure 3 .a, using THOM2 or TE13. Hence, the contribution of homopolymers to the statistic of sequences is quite small and either direct counting in full sequence space or counting with the reverse sequences as a reference can be used. The fixed composition, however, behaves differently. In retrospect, this is not surprising. The number of homopolymers is exponentially smaller than the number of heteropolymers. At the native energies (which are reasonably high), their impact is small.
The main conclusion of our study is the universality of the selection function throughout the protein data bank for proteins longer than 200 amino acids. The function G appears to have the same dependence on energy in the neighborhood of the native state over an extensive set of proteins. A plausible guess for a functional form for G will therefore be:
where β is the inverse selection temperature, E is the stability energy of the protein, and Γ represents the rest of the variables (as protein function, flexibility, and other relevant features that we did not include in our studies).
The (unknown) function ( ) f Γ assigns weights to all these features.
Our study suggests that to a good approximation β is a universal parameter across different families of proteins. It is not at all obvious (at least to the authors) that the "sequence-energy excitation" with respect to the lowest energy sequence will be comparable in all protein families. This suggests that the mutation mechanism (at least as measured by stability energy for proteins longer than 200 amino acids) is universal. Such universality is consistent with two models: (1) Models of connectivity within different clusters in protein space (Maynard 1970) . (2) A single mutation mechanism that produces similar statistical distribution of sequences in isolated (structural) islands. While evidence for extensive connectivity has been found in simplified models of protein structure (Lau and Dill 1990; Lipman and Wilbur 1991; Huynen, Stadler et al. 1996; Kleinberg 1999 ) it
has been difficult to demonstrate this connectivity in sequence space for realistic structural models of proteins. At present we are unable to differentiate between (1) and (2).
Our method thus has the effect of treating sequence space, which is far too large to analyze directly, by analogy with a physical system that can be "probed" at various points to test whether it is well-mixed. Within this framework, the uniformity of the temperature at these probe points offers evidence for a background mixing process on distinct protein families. This background mixing can be achieved by a uniform selection mechanism or by direct mixing (Migration) of one protein family to the other.
Is the "selection" temperature a consequence of the "physics" of folding and therefore it does not contain information on evolutionary processes?
We comment that in our hands the selection temperature is only weakly correlated with the stability energy. Suggesting that there are other contributions to the selection temperature not accounted for by simple physical arguments (e.g. number of contacts).
Another evidence that not only "physics of folding" is playing a role here is the observation that the native energies as a function of sequence are high on the energy scale and are not fully optimized as far as structural stability is concerned. The selection temperature is a measure of how other factors influence the observed distribution of proteins and the amusing observation that is it peaked across many families (at relatively high energies) suggests a uniform selection mechanism unrelated to stability. Another dissimilarity between selection and folding temperature can be extracted from a paper by (Kumar, Tsai et al. 2003) in which experimental folding temperatures correlated negatively with the protein length. This correlation is in disagreement with the studies here in which positive (and linear) correlation with length was found for the selection temperature. Table I The table of the THOM2 energy as a function of the contact type and the amino acid type ( i is the primary site, j the secondary site). Note that the number of neighbors to a site is "coarse-grained" and means the following actual number of neighbors 
